Quintessence and k-essence have been proposed as candidates for the dark energy component of the universe that would be responsible of the currently observed accelerated expansion. In this paper we investigate the degree of resemblance between those two theoretical setups and find that every quintessence model can be viewed as a k-essence model generated by a kinetic linear function. In addition, we show the true effects of k-essence begin at second order in the expansion of the kinetic function in powers of the kinetic energy. * wtpagagj@lg.ehu.es § chimento@df.uba.ar ‡ wtplasar@lg.ehu.es
Introduction
smaller than 0.99. Other works devoted to the same issue, but using the valuable but less refined BOOMERANG data are [10] and [11] .
In what k-essence models are concerned, the observational tests are also numerous, but they are mainly concerned with Chaplygin cosmologies and their role as unified dark matter models. As far as we are concerned the only work which deals with observations and k-essence from a general perspective is [12] . There it is suggested that supernovae data alone would not be able to distinguish between k-essence and quintessence. Besides, in [13] it was discussed the correspondence between quintessence governed by a exponential potential and k-essence with a linear kinetic function F driven by an inverse square potential. In that reference it was imposed that the geometry generated by quintessence and k-essence be the same (same scale factor) together with the same requirement on the potential (specifically, that the potentials driving quintessence and k-essence be equal as function of cosmological time). These requirements lead to different but non independent fields for quintessence and k-essence.
In this paper we contribute to gaining more insight on the degree of resemblance between quintessence and k-essence by extending the results presented in [13] to quintessence driven by an arbitrary potential. First, we consider the case of an Friedmann-Robertson-Walker geometry and homogeneous fields and find which is the structure of the kinetic function of the k-essence models which can be viewed as quintessence models. Then, starting from the knowledge gained in the simple homogeneous case, we study the situation for arbitrary spacetimes and inhomogeneous fields and demonstrate that if the kinetic function has the same structure as in the earlier case then the identification follows as well.
Our results suggest that the debate of whether to opt for quintessence or k-essence should rather be reformulated in terms of which is the most convenient type of k-essence.
Identification arising from geometry
A possible way to compare quintessence and k-essence is through observations. As discussed in [12] , in order to fit the supernova data with a given quintessence or k-essence model, a choice of a model-independent fitting function for the apparent magnitude m(z) must be done. It turns out that the fitting function with the best fit is derived using an expansion of the equation of state parameter w(z) in powers of z, i.e. only kinematical aspects (the geometry) of the problem are taken into account, and the outcome is an ambiguity that makes it impossible two distinguish between the two theories. Nevertheless, in [12] the remark is made that since the speed of sound of k-essence is not unity as in quintessence models perhaps an analysis using CMB data would be able to detect some signal of k-essence. The prospect of some success rests on the fact that in such case dynamical aspects (the potential) would also be accounted for. Interestingly, imposing the dynamical condition that the quintessence and k-essence potentials be identical as in [13] does not remove the ambiguity.
For all these reasons, we address the same problem from a more intrinsic point of view. We first establish that for any quintessence model there is a k-essence model which is kinematically and dynamically equivalent to the former, i.e., they share the same geometry and the same potential as a function of the cosmological time. Note that our argument is different from that in [5] , where the objective was to write any k-essence model like a quintessence one.
Let us restrict ourselves for the time being to the cosmological setting corresponding to a flat universe described by the Friedmann-Robertson-Walker (FRW) metric. The equations of motion for the gravitational field g µν in a FRW universe filled with an homogeneous q-field ϕ minimally coupled to gravity as derived from the action
are the Einstein equations below:
In turn these equations implÿ
which is the Klein-Gordon equation for the scalar field.
In contrast, a k-field φ minimally coupled to gravity is defined by the action
where F (X) is an arbitrary function of the kinetic term X = ϕ ,µ ϕ ,µ . For this field the Einstein equations become
where F ′ = dF/dX. Let us look for the conditions under which quintessence and k-essence leads to the same geometry, i.e., the same scale factor. The first necessary condition is
We are demanding that the latter be an identity, i.e. we wish it does not impose any relation between the fields ϕ, φ and their derivativesφ,φ, because otherwise we would be restricting ourselves to the unusual situations in which the fields are functions of their derivatives. Under this requirement the above condition (8) translates into conditions
cons with λ a constant which for the sake of simplicity we will set equal to one. The relation between the potentials must be understood in the sense that they are the same when written as functions of cosmological time, but different when written as functions of the individual fields. On the other hand, it evidences that whenever one of the fields is known, Eq. (9) fixes the other univocally. Integrating condition (10) we get
with β an arbitrary constant.
If we now equate the equations forḢ we finḋ
from where we finally obtain the following relationship between the fields for them to yield the same scale factor and the same potential:
Conditions (8) and (13) constitute a set of necessary and sufficient conditions for the kinematical and dynamical equivalence of FRW quintessence and kessence cosmologies. 
For illustration purposes we outline in Table 1 some possible potentials for k-essence models, and the corresponding potential for the quintessence counterpart. On the first row we have the exponential potential, which was proposed as a potential for the tachyon by Sen [14] . On the next three rows we have also some potentials proposed for the tachyon. The first of those potentials [15] becomes constant for small φ but goes like φ −2 for large φ. We see that the associated quintessence potential has a simple trigonometric expression. On the third row we have the pure inverse square potential [16] , which leads to an exponential quintessence potential as was shown in [13] . On the fourth row we have a power-law potential with a negative exponent [16] , which for n < 1 leads to a power-law k-essence potential also with a negative exponent (recall that observations restrict the exponent of powerlaw quintessence potentials to be smaller than 0.99). Finally, we present the k-essence potential which leads to the famous double-well Duffing potential.
Covariant proof for arbitrary spacetimes
In the last section, we have established the conditions for the kinematical and dynamical equivalence between FRW quintessence and k-essence cosmologies. In what follows we are going to use the insight gained in the previous section regarding the structure of F so as to demonstrate equivalent results for an arbitrary spacetime.
Let us begin by imposing the condition that the geometry generated either by quintessence of k-essence be the same. Put another way, this means we are demanding the quintessence Einstein tensor G (q) µν be the same as the k-essence one G µν is the stress-energy tensor of quintessence, which satisfies T µν is the stress-energy tensor of k-essence, which obeys T
If we now replace the linear kinetic function (11) in Eq. (16) and then compare Eq. (15), it follows from identity (14) that the following two relations must hold:
Multiplying by dx µ we get dϕ = 2βV (φ) dφ, and by integration we obtain the following prescription to relate the fields:
final which generalizes the relation (13) obtained previously in a more restrictive case to situations in which the fields depend on both spacelike and timelike coordinates.
In addition, taking into account that the energy density and the pressure of the k-essence fluid are ρ = V (F − 2XF ′ ) and p = −V F respectively, one can see that the sound speed for the linear kinetic model c 2 s = (dp/dx)/(dρ/dx) = 1 coincides with the sound speed or the quintessence fluid, so this completes the proof.
Interestingly, k-essence models with a linear function (11) mimic the behavior of other models. For instance, when X ≪ 1 the tachyonic function F = (1 + X) 1/2 becomes F ≈ 1 + X/2 and it leads to the final behavior of the scale factor. In [17] sets of cosmologies with F functions admitting a power series expansion in the form F (X) = F (0) + F ′ (0)X + ...... were considered. At first order in X such models behave like those one would obtain from (11) regime and the quintessence effects will be more important than the k-essence ones. In contrast, effects strictly due to the actual k-essence nature of the model will begin to become non-negligible when the condition X ≪ 1 breaks down.
Conclusions
Let us come to conclusions and discussion now. Quintessence and k-essence are not the only dark energy candidates proposed so far, but they are very popular, particularly the former. At this stage it is important to understand not only from the observational point of view but also from a more fundamental one the degree of resemblance of these two setups. In what regards observations, it has already been discussed that supernovae data alone are unlikely to be able to do such discrimination. In contrast, if one combines CMB and supernovae data some hint of non-equivalence could be obtained. In broad terms this is due to the fact scalar perturbations of quintessence and k-essence models do not follow the same rules (i.e. the corresponding theoretical frameworks are dynamically inequivalent). We think, however, that this topic has not been addressed in the literature in sufficient depth, and we hope our work contributes to enlighten it.
We have first demonstrated that any quintessence is contained into kessence frame with a linear kinetic function, and we have obtained the prescription that gives the q-field in terms of the k-field (this can be used to relate the potentials of the two models). Then we have turned to the Einstein field equations for an arbitrary spacetime and we have proved simply and neatly the theoretical frame of quintessence can be fully included into that of k-essence by extending the previously obtained relation among the homogeneous fields. Thus, each quintessence model is kinematically and dynamically equivalent to a k-essence model.
An interesting related result is that the true effects of k-essence begin at second order in the expansion of the kinetic function in powers of the kinetic energy.
Finally, coming back to the issue of observations, in the light of our results we can say that a combination of CMB and supernovae data is not going to tell us whether quintessence is preferable to k-essence or vice versa, but rather what sort of k-essence is admissible (the one generated by a linear kinetic function or other alternative).
